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Introduction to Global Optimisation :

Traditionally, large body ofesarchin optimization has focused pmarily on

Acnoe x 0 o0 pt iolblemg that hawe essentially unigglebaloptimum.

However, in the totaspaceof optimization problems, vast majority of situations

fall

outside this well unerstood category. Prabhs with multiple, global

minima, isolated from each other, (but obviously of equal valas) quite

common. They naturallylead to anumber of different types of questigrelating

to fAdirectho npepndbeoempr obl e ms as aescibedni x e d
below
a) Finding Optimal Solution: Given a functioni which we will refer toas

b)

Aener gy ad firfdthe mitinnao n

This means finding the minimuwalue as well adocations

Proving Optimality: Given one such solution, how does one provat th
there is no better solution?w{thout enumerating thme all) What types of
proofs are possible? How long symtoofsmight be? How do different global

minima relate to eachtloer?

To take an example from logic, suppose we take a rand@#&T3formula

with small number of variables and appropriate number of clauses, it can
easily have millions of satisfying solutions, but if we take just a random
collection of million proposed assignmentser the same number of
variables can they be precisely the satisfyiagsignments of any-SAT
probem with same number aflause® The point is that although thember

of solutions is large, they are highly-oelated.Similarly, when a continuous
optimization problem rma large number of global minima, they are co
relaied witheachother.
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In the context of nosatisfiable formula, are there proofs of reatifiability
that donoéal aegememuatber of Apartial o

c) Inverse Problem If we know all(or many) global minima, how can we find

theenergyfuici on? Thi s is | i ke fireverse

d) Synthesis:If we are given a specification of desired global minima in terms
of their value, locatiomor shape otnergy landscapéow do we design a
system with appropriate energy function, possitdybject to further
constraint® Thisisami xt ure of Adirecto and A

context.

Needless to sawll these questions are deeply intelated to edt other and also
to how systemsccurring in nature behave bow artificially ergineered systems

might be designed.
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Optimisation in Physical Systems:

Nature solves optimization problems all the tirmace Aws of nature are nothing
but optimality conditions. They are oftempressed in terms @hinimum energy

principle.

In path integral formulation of quantum mechanic®ne imagines all possible
histories or paths leading to a given state, happening in a massively parallel
fashion. This includes even possibilities forbidden classicallg | | ed At unnel i n

Most of these parallel possibilities interfedestructivelydue to complex phase
associated with the actidnonly paths close to minimum of the action integral
interfere constructively to add up to appreciable probability.

However, the minimum mayo beunique;there ca be multiple isolated global

optima.

Let us take a simple emgle of field emission from araphen molecule.
Application of electric field induces electrons to tunnel out. While the
Fowleii Nordheim theoryRef #] assumes ane dimensional barrier that fiflato

in the other two dimensionactual siiaion in this exanple is more complex and
the probability of tunneling as a function of angle has sikmdisglobal minima

of equal valueThis has been observed experimdgthly many researchers [Ref
#]

Here is a simple device to exploit this for communicating informatith high
data rate; which using a carbon nanotube instead of grapheme, but field emission

takes place essentially from the tip again with similar symmp#ttern.
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The electrodes at the top surface sewo functions:

a. To apply electric field to increase tunneling probabiligd induce field

emission fronthe tip of the carbon narwibe.



b. By applying different voltages to electrodess -lfit ¢ & ke gam disturb
the sixfold symmetry so that the acoti integral along one of thaix
stationarypaths wins. In this way, the field emitted elecs@man be used to

encodeone out of six possibilities.

As the tunneling time itself is very small (femtoseconds), the bit rate is limited by
other factors howfast you can change the electrode voltages. If one apples a
signalto a pair of antipodal electrodes to encode one out of three possibilities, one
can go to much higher frequencié®r example one can userface plasmons to
deliver the control signido alter tunneling probabilities.

The encoding then induces oscillatianghe pattern of emitted electronsane

of the three planes as shown below:

VAN

Figure 3

This is just one communication channel, later we will show how tosusé
channelsin a massively parallel manner and reconfigurenthat high speeds

using the perfect patterns from projectg@ metry

As we have seen, the variationaoblem associated with the pathegral can
have number of distinct isolated minimadathe mmber can grow rapidly inase
of multi-particle problem. Nature has its own way of dealing with such

combinatorial complexity.



We have been developing a fresh approach to understanding optimization
problems with multiple global minima and made progressalli types of
guestions mentioned beforefinding, proving, reverse engineering etc. But even
before we have answers to thesehpmsthat we would regardas satisfactory,

the insights gained are already turning out to be valuable to a number of new

desgns of tremendous economic value.

These include:

a. Physical design of the projective geometry machine using massively parallel
guantum tunneling thatcan totally overcomeobstaclesof latency and
bandwidth faced by contemporary designs. The new desigrbroaderthe
applicability of massive multihreading to large and very genecéds®s of
computational problems, and can be implemented using already known

fabrication techniques.

b. Design d multi-ported, low latency secondary storagebased on
magneteoptics, implementing shae memory directly athe physical level

providing a highly valuable feature for data bases am$actionamemory.

c. Design of new high bandwidth switches required for next generation internet

infrastructure.

d. Design d novel robots wit hmalganrege cn uf mbnegre r s fi
placing atoms based on complex and sparse patterns of multiple global
minimathat aremore general than regular periodic patterns achieved before

using interference lithographiRef #]

e. Dedgn of control systems whose stability analysis requires liaplikev

functions with multiple basins of attraction.
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f. Design of phasedrray radars in terahertz range.
g. Computational calibration of parameteyscurringin empirical force fields,
whose valus may be difficult to measure experimentdiiyt can be reverse

engineered from known structure of folded proteins.

Multiple Global Minima in Engineered Systems

Difficulties associated with Multiple Global Minima:

There are a number ofasons why optimization problems withultiple global
minima are so difficult to work withlt was once thought that any algorithms
working with such problems will have to deal with exponential number of
connected components. However, we haveadyshownhow to circumvent this

difficulty. [Contemporaryathematics v.114

Even if a level set of such a function is connected, it may be topologically very
complex e.g. even in-B it may have high genus. We haskown such a body

with many Ahambdoeeso in the fig

Figure 4 : Level set with many handles



Sculpturing Free Space

We are going to partition free space into objects like this; they play an important

role in synthesizig systems with multiple global minima.

In many naturally occuing systems of this type, there is also a symmetry group
relating basins of attraction of different minima.

e.g. one can partition spabetween two concentric spheréssed orelements of
discrete subgroupf SOQ).

Systens based on Electron Optics:
Similar to variational problems associated with path integrals in quantum
mechanics, there are action integrals in optics, control theoryraaiemptics, etc.

In this paper we will give examples of problems arising in electron optics.

Electron optics is more complex and offers a rich set of possibilitiasefor

devices for several reasons

a. It is possible to create curved tradjges relatively easily by setting up

appropriate electromagnetic fields.

b. It is relatively easier to interface them to logic circuits in both directions.
C. Electron holography permits exploitation of wave nature of electrons.
d. Motion of electrons invacuum is free from collisions. Unlike traditional

high-powermicro-wave devices, we are interested in uloa current and
very high performance per watt. Therefore electron density in space is

very low and space charge effects can be ignored. In factingle



electron transistors become practical they can be used to contrel field

emission of one electron at a time.

Traditionally, electron optical instrumentsave beerdominated bythe

C o nc e ghtralodticaliaxis«s i n t he same mtlegry t hat
IS built around convex problems with unique global optimum. Electrons

are required to stay close to central optical axis so that it is easyalyre

and control their behavior. However, once we understand how to deal with
optimization problems ith multiple global minimasimilar insight helps

in designing electron optical systems without any dominant central axis.

Electron trajectories in these more general systems can be typically related
by double equivalenceelations:

a) First equivalence tation comes about as a result of lensing action:

Two electron trajectoriesn, (t) and n,(t), going through the same

point x, with the same kinetic energy, but traveling in different
directions and converging agaimia common poing, areconsidered

to beequivalent under lensing action if you can interpolate between
the two trajectories by family of trajectories f (s,t) indexed by
parameters, all going through the same poirtat (t = 0), with same
kinetic erergy but in different directions and meet again at the
common pointy. This is similar to homotopy relation in differéailt
topology,but with the extra requirement that the electromagnetic fields
needed to inducthe interpolatingelectron trajectories are tainable

in sourcefree vacuum only through application of appropriate

boundary conditins
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Trajectory Equivalence based on Lensing Action

Figure 6

The class of trajectories under this equivalence relation belongs to the

same partitio or fundamental domain of free space.

The second equivalence relation relates different fundamental regions
by action of a discrete symmetry grodmhe actionof group elements

is also defined on individual electron trajectories to give other valid
trajectories. Since the grtitioned vacuum through which electron

move is itself sourcéree, we achieve the desired symmetry by
expressing the sources the boundary n  t er msised s ynniné i r
poles. For implementing the finite projective geometry architeg

the symmetrygroup is chosen as an appropriate -guiup of the

automorphism group of projective geomet@roups corresponding to
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other Gyyley graphs can also be chosen, but there are many further
advantages to organizing the parallel machine ugngjective
geometry.

For sculpturing the vacuum as described above, we have to solve a
new type of boundary value problem. In the usual type of boundary
value problem values of the field on the surface, bounding certain
volume are specified and we seektension of field vales to the

entire volume subject to satisfying some differential equation.

In the new type of problem we need to solvepatition of the
boundary is specifieithstead of fieldvalues on the boundaryThis
may bedonein a variety ofways, e.g. it may be ithe form of a
voronoi diagram ora generalized vonoi diagram based on nen
euclidian metric, or based on level sets of a functionastitmn based

on fundamental domains corresponding to a symmetry group or

fti |l ingo oef the surfa

We then seek an extension of the boundary partition to a partition of

entire bounded volume, which then gets divided into tubes. Electrons

move through these tubse that probability of tunneling in transverse

direction between adjacent tubes is Ingigle com@redto tunneling

in the longitudinal direction at the end of the tulb®ach division of
spacesofst a martiti on erfecoprartetsepronnod i nags et
on the projective geometrlref. 4| and can be easiland rapidly

changed or recomfured simply by canging the boundary conditions.

We describe the physical design of a parallel system based on these
ideas in the next sdon and the projective geometry ideas in the

following section.
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Electromagnetic Cavity Machine

The central core of this parallel system can be best described as an
Electromagneti€avity of a very special kind.

The surface of this cavity is lined with active logic circuits fabricated wartain
modest extension of the current VLSI technology, which is bigi@a planar
process.In the immediate future, this can be based on silicon and might be
changed to other possibilities such as graphene in the lond\ruhe top level,

these logic circuits mabe organized as millions of ultra low power cores
designedto enablemassive multithreading. A peflop configuration requires

only about a square metef silicon real estate for computing circuits even if they
are designed to run at slower clock speed to significantly improve performance
per watt. Besides corafing, the surface circuits also provide for two types of
communicationdevicesbetween computing resources. The first typdoisthe
traditional 2D nearest neighbor communicafficef.#] The second type provides
supporting devices for a new type siirface normal communication based on
massively parallel quantum tunneliagd free space electron optics through the
cavity volume This type of global communication uses highly symmetric flow
patterns derived from mathematical structure of finite projecteentgtry. Its
implementation involves a novelectron opticakystem thadoesnot have any
domi nant i c e not Imstedd, itaspblased @nlactian xntegrals having
multiple global minima. The electromagnetic fields to guide electrons along the
required massively parallel trajectories is set up by creating appropriate boundary
conditions on the surface of the electromagnetic cavity. The electrodes required
to apply such boundary conditions are patterned on the surface of the cavity by
standard litbgraphic techniques. The drivers, receivers and other controlling
electronics required for this purpose is located on the surface of the
electromagnetic cavity. It is fabricated using standard VLSI process. These
supporting devices for the surfanermal @mmunicatiorare described in section

-7.
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The revolutionary bandwidth and latency properties of our parallel architecture
are resulting from combination of perfect patterns of the projective geometry,
novel electron optical system and massively parallefase normal quantum

tunneling.

Several other novel devices mentioned earlier are also Electromagnetic Cavity
Machines at a conceptual level. According to the end objective, they differ in
details such as choice of wavelength or time scaleghat trey rearrange bits

of materialor bits of information.

Brief review of projective geometry architecture:

Mo s t | arge computational probl ems contai.
As a result promise of parallelism has long been recogniredvever, in

practice, the power of parallelism remains grossly wutiized due to

programming difficulties. A good architecture and physical design of a parallel

machine should be able to deliver decent efficiency aowide variety of

applications expressaging different programming paradigms. e.g. it should not

matter whether the program is written in fortran or lisp or prolog, whether it is

doing number crunching, symbolic computation or processing relationabds¢a

gueries etc.

One should also stré to provide support for strong scaling. i.e. one should not be
required to increase problem size just to show good efficiency with large number
of processors. Unless we set the goals or criteria for success high enough, it is
unlikely that we can arrivat good architectural solution. It is with such goals in
mind that we have devised an architectural scheme based on mathematical
properties of projective geometry. In this scheme, it is not necessary to depend
upon hanecrafted decomposition of computatadrproblems into parallel tasks.

Instead, the hardware has built in rules to automate this to a substantial degree.
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This emphasis on wider applicability, strong scalability and reduced programming
complexity more than compensates for moderately higherplesity of our
physical design. After all, one can manufacture millions of identical copies of
hardware, once designed. In contrast, each software paakagees a long
drawn evolutionary effort, involving difficult combination of creativity and
softwarediscipline. This has been the primary reason why power of computer
science remains grossly unedilized today.

The configuration of a projective geometry is specified by three integers:
characteristics of the underlying finite field, degree of theextensionk, and
dimension of the geometrg, We denotehe projective geometry corresponding

these parameters by

R'(GF(p"))

Let W denote the collection of all projective subspacediminsion
Thus,

W, :set of all points

W, :set of all lines

W,.; : set of all hyperplanes etc

Consider collection of subspaces of dimensions 0, lax.ld the projective
geometry architecture each hardweesource is associated with a subspawd
two resources corresponding to subspaces e connected
iff X1 Yy
and dim (X) = dim (Y)-1
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Here are some examples @f 21, 31, 57, 183 point 2d geometries
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Portion of 183

18



